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ABSTRACT

- Several astrometric models are tested on entire and limited
plate areas to analyze their ability to remove systematic errors from
interpolated satellite directions using a rigorous photogrammetric
reduction as a standard. Residual plots illustrate the absence or
remainder of systematic effects in measured plate coordinates aftfer
the astrometric reduction is performed using the method of least
squares, Conclusions are made as to what conditions will permit the
reduction by astrometric means to achieve comparable accuracies to

those of a photogrammetric reduction on the short focal length camera.
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1. INTRODUCTION AND BACKGROUND

In recent decades man has achieved the capability of launching
objects, manned or unmanned, into the heavens for many scientific and
military purposes, Regardless of the reason for launch, a knowledge
of the position in space of the missile, balloon, satellite or other
body is vital information whose accuracy is a function of the tech-
nique used in the determination. The observation of heavenly bodies
has long been practiced in the field of geodesy. However, the advent
of satellites has provided the geodesist with a well~-defined object at
a finite distance useful in establishing a spatial relationship between.
the satellite and several ground stations or in determining parameters
of the earth's gravity field due to a departure of the satellite from
its orbit in a central force field. Thus, the methods in classicai
geodesy of performing computations on some reference surface may be

altered or replaced by a vectorial solution dependent on the spatial
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positions of reference points and the satellite in a tri-axial Cartesian
coordinate system. Obviously, the determination of the satellite's
position must be done with a specified degree of accuracy in order for
the results, dependent on that determination, to be‘useful for geodetic
purposes.

This report is concerned with the method of determining a satel-
lite's position. More specifically, it deals with the optical determin-
ation in which the satellite is photographed against a background of
stars. (There are, of course, electronic means of determining position.)
The report will examine the practical application of the two basic
methods of "plate reduction™ and will chronicle the results of the
author's experimentation with these methods.

ESSA supplied data from three photographic plates in the form
of measured star and satellite coordinates, The three plates were ex-

. posed simultaneously at the following stations:

Plate No. 2559 Lynn Lake, Manitoba

Plate No. 6132 Frobisher Bay, NWT

Plate No. 5205 -Cambridge, NWT
The event occurred on 30 November, 1965, the satellite being Echo II.
Twenty~one satellite images were selécted on each plate as test points
for which directions in space were determined. |

Using these same three photographic plates and their accompany-

ing data, the author investigated the application of several astrometric

techniques to the reduction of the plates with a critical view to their
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ability to remove systematic errors and to their comparison with the
photogrammetric approach, The results of this experimentation and
its implementation will be discussed in detail and conclusions drawn.

This report will not dwell on the fundamentals of spherical
astronomy or attempt t§ give a detailedvbackgroﬁnd on plate reduction
techniques and related problems, Its primary concern is the results

of the experimentation,



2. THE AVAILABLE DATA

In September, 1967, the Geodetic Laboratory of ESSA forwarded
the vital information concerning stellar plates 255é, 5205, and 6132
to thé Depaftment of Geodetic Science. This information was contained
mostly on punched cards., For each plate the following data was availables
(1) Punched cards containing the SAO catalogue positions of the
stars whose imaées were measured on each plate., These positions were
given in radians, and the star identification number was a combina-
tion of letters and numbers having a relation to the manner in which the
positions were contained on magnetic tapes. There is a code available
from BSSA which will relate the BSSA SAO star number to the number found
in the four-volume SAO catalogue.

(2) Punched cards containing the updated apparent positions of
 the stars used in the reduction, in radians. As the "apparent" position
connotes, the catalogue star pésitions had been updated for precession,
nutation, proper motion, and annual aberration. The epoch used in this

updating procedure was approximately a star's mean exposure time (each
star appears as more than one image), sufficiently acéurate for updating
to an apparent place, The method of star updating is available and will
not be given here {Eotter, 196] .

(3) Punched cards containing the measured plate coordinates of
each star image referred to an origin determined by four drill holes,

These coordinates were free of cancelling-type errors associated with
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the comparator measuring process. The plate measurements had been made
on a Mann comparator, the procedure of removing operator bias and cancel-
ling type errors being a rigorous one [?otter, 1967, pp. 112, 113 . The
coordinates furnished were the output of the ESSA "patching and matching"
program which is the final step in the rigorous procedure.mentioned above,
Systematic errors still remaining in the coordinates on the punched cards,
then, were of the non-cancelling variety (non-perpendicularity of the
comparator axis, weave of the guide of the comparator axis, periodic screw
error, and the secular screw error). In the reduction procedure of ESSA,
the non-perpendicularity of the comparator axis, in the form of an angle,
is carried as an unknown, The method of its application will be shown
later., The number of images measured for a single star and the ESSA
method of exposing a plate remains to be explained also., All coordinate
measurements had equal weights of one.

(4) Punched cards containing plate coordinates for each satellite
image, These coordinates were of the same status as the star coordinates
mentioned above; i.e., the output of the "patching and matching™ progranm,
It is important to note that while other satellite coordinates were in-
cluded in the forwarded data (containing various corrections that are
made by ESSA after their plate reduction procedure), the satellite coordi-
nates of interest here afe to be regarded as measurements of images of
"unknown stars" without corrections for phase angle, parallactic refrac-
tion, diurnal aberration and other corrections that are applied later in
the reduction process to satellite images, Of the gOO or more satellite

images across the plate, 21 were selected by ESSA to be used as the test



6
points in the agency comparison and were also used by the author in
his investigations. Henceforth, any discussion of satellite images will
refer to these 21 points, and the images will be regarded as those of
unknown stars. Moreover, the satellite images on each plate, although
numbered in the same fashion, were considered independent of each other
and not on a curve'resulting from a curve-fit procedure. The’brush
tape times of exposure for corresponding numbered images are, in fact,
.identical for each plate, but this was a result of the synchronization
of the clocks in the BSSA tracking system and not the result of select-
ing 21 times and then computing corresponding coordinates from the curve
of the fitting procedure of ESSA.

(5) Listings of stationylétitudes and longitudes, atmospheric
data, and brush tape times. A correction for each plate was given to
correct the brush tape times to U.T.1. Computed local apparent sidereal
times of exposure were also inﬁluded.

Along with this data, the Geodetic Laboratory of ESSA included
the output of its "single camera orientation"™ program. This program
performs a least squares adjustment using the photogrammefric model of
Dr. Hellmut Schmid to determine the elements of interior and exterior
orientation of the taking camera and other parameters considered unknown.
Included also in this output were the ESSA computed directions for the
21 satellite points. As mentioned earlier, the test satellite images
-for each plate were regarded as those of unknown stars. The directions
given were for the apparent place of these unknown stars. No corrections

s

were made for phase angle, parallactic refraction or diurnal aberration,




A brief description of the ESSA process of exposing a stellar
plate is necessary to see how the data described above was generated,

A more detailed description is available in Eiotter, 196] or E‘aylor,
1963 . First of all, the taking cameras were Wild BC-4's with the
Astrotar lens. The focal length of these cameras is about 300 milli-
meters and the field of view 33 degrees by 33 degrees, The cameras were
operated in the fixed mode, equipped with shutters that were programmed
to opérate in the following manner: Prior to satellite pass (pre~cali-
bration) an exterior iris-type shutter produced four star-trails for
each star in the field of view with five distinct images in each
trail, During satellite passage, internal rotatiﬁg disks chopped the
satellite trail with the external shutter reducing the exposure rate

and identifying the satellite trail, After satellite passage four more
star trails were produced with five images eaéh (post.calibration).

The brush tape times of exposure were recorded. These times corresponded
to the beginning of each image on the plate.

In the plate reduction process, the plate was,subdivided into
grid squares, and a pre~-calibration star trail and a post-calibration
star trail were selected in each square, The beginning of each of the
five images in a trail were measured. For this problem approximately
110 star trails were selected per plate with five iméges measured per
trail (in several cases, less than five images per trail were able to
be measured); This was normal procedure for ESSA. Obviously, the same
star did appear in some cases in more than one trail, However, roughly

100 different stars were used per plate in the ESSA reduction.



The star images were numbered thusly: The first two digits
referred to the area of the plate in which the trail appeared. The
third digit referred to the trail of exposure (1-8). The last two
digits indicated the number of the image in the trail. Therefore, image
number 16103 would indiéate the third image of star number 161 which
appeared in the first trail exposed. Further, let us assume theinumbers
161 and 596 referred to the same star in the sky. Since the star was
exposed at different times, 161 and 596 would be treated as different
stars, one appearing in the first trail, the other in the sixth. Obvi-
ously, the catalogue positions of these "two™ stars would be identical,
but the updated observed positions would differ,

In the author's experimentation and in the directions issued to
the agencies in how to treat the data, it must be remembered that brush
tape times (U.T.C.) plus the correction to U.T.1l., associated with the
satellite images, were regarded as imaginary times when light was emitted.
(While this was not so in reality, it negated making corrections for light
travel time, a process not vital to the purpose of the agency comparisons.)

As was mentioned eatlier, reproductions of the available data dis-~
cussed above were forwarded to the other three agencies in October, 1967,
to enable them to compute directions for the 21 satellite images on each
plate. Specifically, approximate parameters for the elements of interior

~and exterior orientation were given along with diagrams and equations
that related the image space to the object space. These were taken from
[Schmia, 1959, pp. 12-15] . Other data forwarded included the brush tape

times of observation for each star and satellite image with the uniform
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plate correction to obtain U.T.l., plots by quadrant of the plates show-
ing star and satellite positions, and listings of all material contained
on the punched cards that were sent. Approximate right ascensions (near-
est 10 seconds of time) and approximate declinations (nearest 10 seconds
of arc) were also given for the satellite images. Decks of punched cards
that were sent confained observation times and station coordinates as
well as atmospheric data, SAO catalogue positions of the stars, and star
and satellite image coordinates, The agencies were instructed that times
for the satellite were treated as light emission times (as already
stressed). Positions of the satellite images were requested using the
exact same procedure normally employed when reducing data for the Geo-
detic-Sateliite Data Center. It was requested that the reduced data be
returned in the same format used by the GSDC. Finally, any changes in
reduction procedure having occurred since the compilation of agency

procedures in [?otter, 196@ were requested.



3. A BRIEF HISTORICAL SKETCH

The reduction of stellar photographic plates is not a development
of the space age. In fact, one of the principal methods of reduction
sfill in practice today was first formulated in the late 1800's. For
the purposes of this paper, "plate reduction” will mean the method of
determining a direction in space to a satellite or star by relating its
position in the image space to the positions of known stars also in the
image space to which the directibns are known in the objeét space. It
implies formulating a mathematical model or relationship, be it physi-
cally interpretable or not,‘that will describe a dependence among object
coordinates and image coordinates. Two different techniques for plate
reductibn have been developed which we normally refer to as the astro-
metric (plate constant) method and the photogrammetric method. The
phofogrammetric method has a physicél interpretation while the astro-
metric method does not,

The astrometric method has been used by astronomers for decades
to determine stellar positions of unknown stars and their proper mbtions.
However, the photographic cameras that have been used differ from the
'>ba11istic satellite tracking cameras in use today, most notably by their
longer focal length; and for this reason the astrometric approach is a
questionable process when applied to plates from the short focal length

(less than 1000 millimeters) ballistic camera. Existing in the batch

10
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of data sent by ESSA, then, was an excellent opportunity to evaluate
some astrometric techniques and to compare them with a photogrammetric
reduction for a ballistic camera. But this is a matter for later dis-
cussion., 8ince the cameras that have been used in astrometric reduc-
tions are of a long focal length variety, they cover a relatively small
portion of the sky. Obviously, the bundles of rays in this situation
are close to the optical axis even at the extremes of the platé, thus
minimizing the affects of certain lens distortions, For example, the
focal length of the Sheepshanks Equatorial telescope of Cambridge Obser-
vatory in England was 5.89 meters, and the region of the sky photographed
was 1} degrees by 11 degrees E@mxt, 1962, p. 279 . Compare this to the
BC~4 cameras in this investigation which had a focal length of 300 milli~
meters and covered a region 33 degrees by 33 degrees. (Generally, the
cameras used in astrometric work have focal lengths of about 3 meters
and cover an area 2 degrees by 2 degrees and the ballistic cameras have
focal lengths of 1000 to 300 millimetérs and fields 30 degrees by 30
degrees [?rown, 1963 .)

During World War IY the computation of bombing tables necessitated
the accurate knowledge of the position of the bombing aircraft at the
instant the bomb was released. The cameras used, later to become known
as "Ballistic" cameras, were fixed (as opposed to equatorially mounted,
sidereally driven) with focal lengths of about 300 millimeters, fields
of 20 degrees by 30 degrees, and directiomal accuracies of 10 to 20
seconds of arc [?rown, 1963 . Turner's astrometric method comprised the

method of plate reduction, (The next section will discuss various
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astrometric methods as well as the photogrammetric method of plate
reduction,)

Deficiencies in the astrometric method of plate reduction became
apparent when Hellmut Schmid performed some investigations of the tech-
niques [?rown; 196@ . He pursued a method éf plate reduction based on
the photogrammetric theory of Von Gruber, thereby discarding the astro-
metric approach. Accuracies improved immensely with the application of
Schmid®s findingé, due in part to improved equipment, but mainly due to
the morg rigorous photogrammetric method of piate redgction [@rown, 1963 .

Thus, the photogrammetric method of plate reduction has been im=-
proved upon taking into account lens distortions, refraction, and other
physical effects which bear upon the problem, Unprecedented accuracies
are now claimed using the photogrammetric approach, and the astrometric
method has all but been discarded in satellite tracking with ballistic~
type cameras. One agency, the Smithsonian Astrophysical Observatory,
utilizes the Turner method in its data reduction today in connection

with its Baker-Nunn films,




4, EBXPERIMBNTATION

4.1 General

We are interested in how well several astrometric reduction models
remove systematic errors in the three BC-4 plates in question and how the
results compare with the photogrammetric reduction used by ESSA. 1In the
author's approach the reductions are performed using the method of least-
squares, and then the residuals (adjusted coordinates less the measured
coordinates) are plotted with a view to. their magnitude and direction,
Any systematic effects still remaining may be then observed. Also, the
residual plots may be compared to the plots of the residuals as computed
for the BSSA photogrammetric reduction. In all but several of the reduc-
tions, directions are computed for the 21 satellite test points to compare
with the ESSA photogrammetric results. It must be remembered that while
the directions computed astrometrically for these satellite points will
in many cases compare to the ESSA results within a second of arc, this
in itself is not a good test of the method. For if the plotted residuals
show systematic effects still remaining, we must base the decision as to
the usefulness of the method on this fact. The author realizes that more
sophisticated methods of statistical analysis are available for evaluating
a mathematical model and comparing it to another, but feels that the anal-
ysis in this report is satisfactory to accomplish the objective.

All programming, unless otherwise indicated, is the result of fhe

author®s efforts, and is in the SCATRAN language still used at The Ohio

13
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State University. The output of every computer run is obviously not in-
cluded, but the important and meaningful results are compiled, Double

precision arithmetic is used in most cases except where noted,

4.2 Organization of the Data and Star Updating

As was discussed in Section 2, there is no deficiency of star images
to use in the reductions on each of the plates since there are over 100
-star trails per plate with, in most cases, five images in eacﬁ trail.
Assuming abouf 100 well distributed star images are sufficient for the
reductions, the third image in each trail is selected and the other four
images in a trail are discarded. The breakdown of stars used is as fol~-
lows: Plate 2559, 111 stars; Plate 5205, 114 stars; Plate 6132, 106 stars.
The distribution of the stars and the 21 satellite images on the plates is’
shown in Charts 1, 2, and 3. The area represented is 17 centimeters by 17
centimeters. All images are plotted by number, the lower left-~hand corner
~of the number iﬁdicating the actual measured position of the star or satel-
lite image, Numbers 126 through'494 running diagonally across the center
of all plates are the satellite images. The origin of the plate cﬁordin-
ate system is at the center (determined by fiducials) with positive x to
the right and politive y to the top. A reference to star 163, for example,
now refers to its third image in the trail, eaéh star being represented by
only one image, It must be remembered that, for example, on plate 2559,
111Vsegarate SAO catalogue stars are not used, but rather 111 separate
trails on the plate. 'Stars™ 146 and 573 are actually the same star in
the sky, but for purposes of the reduction they are separate.stafs, appear-

ing in different plate locations because of the fixed mode of the camera
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and a different exposure time for each. Repeating once more, all stars
are in the SAO system (mean equator and equinox of 1950.0) and éan be
found in the SAO catalogue. As can be seen, there is a good distribution
of stars on all plates, covering all areas butkthe farthest corners.

As the agencies did, all observed coordinates are weighted equally
with weights of unity. Any other system of weighting would be difficult
to handle, at best, and statistically doubtful, Obviously, the stars are
of varying magnitudes, and this would undoubtedly affect their abilityvto
be measured, But.resolution and other qualities of the taking camera,
very difficult to model mathematically, would have to be considered, and,
thus, one can see the reason for equal weights. The standard error for a
single measurement (internal consistency of comparator) is unknown to the
author but probably amounts to several microns.

It might be interesting to note that the approximate altitudes and
azimuths of the plate centers are: 2559, 33°15*' altitude, 21°%43¢ azimuth;
5205, 57°30* altitude, 85°36° azimﬁth; 6132, 41°53* altitude, 309034
azimuth, The effects of refraction are obviously smallest for plate 5205.

The star positions in the available data are the apparent places as
has been mentioned. 1In the computational process of the ESSA "single cam-
era orientation™ program, the stars are updated to their "observed"™ alti-
tudes and azimuths (effects of refraction and diurnal aberration are added)
before the photogrammetric reduction is done {?otter, 1967, p. llg . This
is done to remove all remaining systematic effects on the object space.
This task needs to be performed, therefore, at least to compute the ESSA

photogrammetric residuals. However, it is an unnecessary process when
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applied to the astrometric reduction. Astrometric models were designed
to remove residual effects of annual aberration and refraction. In fact,
the SAO uses the 1950.0 mean poéitions in their astrometric reduction,
updating only for proper motion [?otter, 1967, p. 10@ . HoWevei, the
decision is to update the stars to their "observed" positions, and to
use these positions as input in the astrometric reductions. Any system-
atic effects of refraction remaining (diurnal aberration is an extremely
small effect to begin ﬁith) should be well accommodated in the astrometric
model,

The updating procedure from apparent to "observed" place is a
straight-forward one, However, first a check is made on the apparent
places furnished by ESSA. The star updating program of Allen, available
at The Ohio State University and in modified form for SAO catalogue input
(modified by J. Veach of the Department of Geodetic Science); is used to
verify 23 star positions {éllen, 196@ . The largest difference in declin-
ation is 0.02 seconds of arc and in right ascension, 0,003 seconds of fime.
Recall the apparent position is the 1950.0 catalogue position updatéd to
the epoch of observation for the effects of proper motion, nutation, pre-
cession, annual aberration, and annual parallax. Annual parallax has
been ignored in this case because its effects are negligible for most
stars,

The author's program to update to the "observed" place follows the:
subsequently described procedure,

The correction for diurnal aberration can be applied immediately

to the apparent right ascension and declination. The correction is
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given by [Explanatory Supplement, p. 4§ :

o
new apparent

0°0213 cos ¢ cos h sec §,
(4.1)

new apparent

0.320 cos @ sin h sin 6,

where h is the apparent topocentric hour.angle of the star, ¢ is the
geodetic latitude of the station, and § is the apparent declination of
the star. Implicit in equation (4.1) is the fact that the geocentric
latitude of the station is approximately equal to the geodetic latitude
and that the radius of the earth at the station is apéroximately equal
to the equatorial radius. The local apparent sidereal times of observé—
tion were furnished by ESSA. These have also been checked.

The addition of astronomical refraction must be accomplished after
the apparent right ascension and declination plus the effect of diurnal
aberration are converted to the altitude-azimuth system (horizon). This
may be accomplished using a series of matrix rotations where the end

result is [Mueller, in press ,

cos acos A = -sino cos § cos h + cos ¢ sin §,

. (4.2)
cos asin A = -cosd sin h,

sin a

cos@ cos § cos h + sin ¢ sin §,

where ¢© , §, and h are the same as in the diurnal aberration correction;
a is the altitude and A is the azimuth from north. Obviously the unrefrac-
ted zenith distance is (90° - a).

To compute the amount of refraction the United States Coast and
Geodetic Survey (USC & GS) version of the Garfinkel refraction model is

used and the same model employed by ESSA [Hotter, 1967, pp. 121-127 .
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In their reduction procedure for this event the coefficients in the re-
fraction model were constrained., The subroutine used by the authbr for
adding refraction was written by Marshall Stark at The Ohio State Univer-
sity and follows the Garfinkel model mentioned {§tark, p Sq . The form-
ula used is [Hotter, 1967, p. 121},

1
Zo- 2y = TBW('rh ta.nEB' +772t3113]—23' + Mg tans-lg- + N tan7§B-),
- . ’ (4.3)

where W = ==

tan B tan ZR,

= 8.7137

T
UE
Ns
Ne

1050.61030,
706.11502,
262.06086,
142.67293.

i

In the above Z0 is the unrefracted zenith distancej Zp denotes the re-
fracted zenith distance; Ts denotes the station temperature in degrees
Kelvin; Pg is the station pressure in millimeters of mercury; and P, and
T, are standard pressure and temperature.

Since the refracted zenith distance appears on the right side of
the equation, an iterative process is used to compute the amount of re-
fraction, ZR is initially set equal‘to Z,, and the newly computed

refracted zenith distance is then inserted on the right side of the
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equation until the difference in succeeding amounts of refraction is less
than 0,01 seconds of arc, As we shall see later,l the refracted altitude
and azimuth are used to compute the photogrammetric residuals,

However, right ascension and declination are required as input to

the astrometric reductions. These are obtained by using Eﬁueller, in

pres% .
cos 6 cosh = -sin ¢ cos a cos A + cos © sin a,
cos 6 sin h = -cosa sin A, (4.4)
sin § = COS( cos a cos A + sin a sin ¢

and @& equals LAST ~ h where LAST is the local apparent sidereal time.

The problem here concerns a local apparent sidereal time to use
to compute an "observed™ right ascension. As subsequent sections will
explain, the astrometric model expresses the relationship of the measured
plate coordinates of the star images to a rigorously defined rectangular
("standard®) coordinate system in a plane tangent to the celestial sphere,
the origin of which (also the point of tangency) is the intersection of
the optical axis with the celestial sphere and is uniquely defined in
right ascension and declination. The standard coordinates.of a star are
a function of its declination and of its right ascension minus the right
ascension of the point of tangency. The key here is the fact that the
right ascension of any star must refer to the same epoch in which the
right ascension of the point of tangency is chosen since the camera is
earth-fixed and the point of tangency constantly changes due to diurnal
motion of the celestial sphere. 1In other words, the star images must be

treated as simultaneous even though we know they are not because of
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pre~ and post-calibration, This is accomplished by choosing a common
"fictitious™ local apparent sidereal time of observation to use in comput-
ing right ascension after h is computed by equation (4.4). Henceforth,
the "observed® right ascensions and declinations used in the astrometric
reductions will be regarded as "fictitious™ as will any interpolated
satellite positions only because of this timing problem. If necessary,
the actual "pbserved“ right ascensions can be obtained by adding the true
LAST of observation to the "fictitious" right ascension and subtracting
24 hours, The "fictitious observed" right ascensions and declinations,
stored on punched cards along with the measured plate coordinates, are

then in a usable form for the astrometric reductions.

4,3 The Photogrammetric Reduction and Residuals

The general problem of photogrammetry is well known, and the state
of the art has advanced tremendously in the last decade or so. Excellent
references are available in the bibliography, especially those by Brown,
Hallert, and Schmid. However, this report will only deal with the spe-
cific approach used in the ESSA reduction. No original photogrammetric
reduction is performed by the author. Instead, the parameters obtained
by ESSA in its "single-camera orientation" progrém are used to compute

residuals for the star images used in the astrometric investigations.

Their graphical presentation provides a basis for comparison between the
photogrammetric reduction and an astrometric reduction. It is assumed
that the ESSA reduction is representative of the general photogrammetric
approach since the mathematical model used is a physical reconstruction

of the geometrical event, and the formulae and corrections employed are
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representative of those in current usage by most photogrammetrists,

While systematic errors are intended to be absorbed by the plate
constants in an astrometric model without regard to any specific source
of systematic error, the photogrammetric approach attempts to identify
the main sources of systematic error, model them mathematically, remove
the errors from the measured coordinates, and then relate these "undis-
torted"™ coordinates to the object space through use of the collinearity
equations., This is the application of the "central-projection™ theory.
Without regard to any physical influences on the emulsion, the system~
atic errors usually modeled in the photogrammetric reduction of steliar
plates are those non—canceliing errors contributed by the comparator and
errors contributed by lens distortions. Since stars provide the control,
refraction is added to the star dire;tions as described in the previous
section rather than removed from the plate coordinates,

The formulae used by ESSA in its reduction and used by the author
to compute the plate residuals are now given, It must be remembered that
the Garfinkel model (USC & GS version) has already been applied to the
stellar directions to account for astronomical ref;action.v

For non-perpendicularity of the comparator axis the corrections

are Elotter, 1967, p. 11?] .

»1
!

= Xg t+ €Y, (4.5)

= yp ( correction is negligible),

<
|

where XB and yB are measured plate coordinates of the image and € is an
adjustable correction angle for the amount of non-perpendicularity. A

physical description is available in [@rown, 1957, p. 8@ .
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The radial distortion corrections are [§1ama, 196ﬂ y

— AR -
X = x-S KX =X XA,
— AR —
X = —— - = -
V=Yg O Y Y i
(4.6)
= Kid®? + Kd* + Kad®,

% alp

= &%)+ @ - ¥9)>

In these equations x and y are undistorted image coordinates; Xg and’ys
are adjustable coordinates of the origin of distortion in the plate co-
ordinate system; and Kl’ Kz, and K3 ‘are adjustable coefficients of radial
distortion, .

To correct for Conrady (decentering) distortion, the formulae are

Slama, 1967 .
& 1.

x* =X - AT [DC; sin ¢o; + DCy cos o]

—

conrady ‘
y* =¥ - AT [DC; cos ¢; + DC;, sin ¢y ]
=¥ Ayc',om‘a:dy’

(4.7)
DC, = [2(x-x5)%/d?] + 1,

DC, = [2(y ~ys)¥/d?] + 1,
DC; = 2(x~Xs)(y -¥s)/d?,
AT = K,d®+ Kgd®

Here K4 and KS are adjustable coefficients of tangential distortion, and

Ot is an adjustable angle from the ; axis to the axis of maximum tangen=-

tial distortion,
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When combining the distortion corrections, the result is

- AR
X¥* =% -3 &-%) - AT[DC, sin ¢; + DC; cos ¢;],

(4.8)

il
|

yr* - %Ri" (y-ys) - AT[DCzcos ¢; + DC; sin ©r].

Several years ago, the thin-prism model was employed instead of
the Conrady form for decentering distortion. However, Duane Brown showed
that while the tl}in-prism model was equivalent to the Conrady form for
first-order effects, it was not the same for higher~order effects, and,
thus, the Conrady form is now used EBrown, 196@ . The theéry is based
on the work of A. E, Conrady, an English astronomer years ago @onrady,
191?] . References to the photogrammetric theory and its development for
ballistic cameras may be found in ESchmid, 195‘5] , Esrown, 195?] , @rown,
196{1} , and EBrown, 196§ .

Notice that in the above formulae, the undistorted coordinates
are used on the right-hand side of the equations. This is theoretically
correct and is the form used by the author to compute the photogrammetric
résiduals for the three plates, only because in this case the undistorted
coordinates are available. Normally, as in the case o‘f the ESSA reduction,
the measured (observed) coordinates are initially used on the right-hand
side and are being replaced by x** and y** after each computation. The

AR

solution is iterated until e and AT converge to a prescribed tolerance

[Hotter, 1967, p. 120 and [Slama, 1967].
The undistorted coordinates, x and y, are computed by the collin-

earity equations [Schmid,‘ 1959, p. 133] .

S
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cx(A1X¢B1Y9CIZ)

x = " + x5,

(4.9)
<, (A, X # B, y ¢ Cy 2)
Yy = *Y.
q p
where ; q=DX+«EY+FZ
A; = ~cos O cos 1 + sin & sin W sin A,

B, = -cosw sin A,
C, = sin acos % + cos¢ sin w sin ¥,

Ag = ~cos & sin % - sin & sin W cos A,

2]
o
l

COS W COoS A,

Cz = sin asin 1 - coso sin wcos «,

D = sina cosuw,
E = sinw,
F = coswcosuw

In these equations, xp and yp are adjustable coordinates of the principal

point in the plate coordinate system; c, and ¢, are adjustable principal

y
distances to the x and ;r. axis from the projection centér; X, ¥, and Z are
coordinates of the point in object space; and a, &, u are the Eulerian
rotation angles which rotate the arbitrary r.ectangular coordinate system

of object space (X, Y, Z) into the plate coordinate system (x, y, c).
Diagrams and a physical interpretation of the above are available in @chmid,
1959] .

In the ESSA reduction and, therefore, in the author®s computation of

photogrammetric residuals, X, Y, and Z are the direction numbers of a star
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in the horizon system centered at the projection center (this substitution

is necessary since most stars are located practically at infinity) and

computed by,

X = cos a cos A,
Y = cos a sin A, (4.10)
Z = sin a,

in which a is the "observed®™ altitude and A is the "“observed" azimuth,.

A and a are available from the author's star updating program and are

stored on punched cards.

cedure i

To

compute the photongetric plate residuals the following pro-
used:

Given a and A for a star, compute X, Y, Z

Compute x and y using (4.9)

Compute Ax Ay

radial’ AXconrady
by formulae (4.6) and (4.7)

radial’

and Ayconrady !

' .
= : L 4
x X+ -Axradu.al Ax
. -

=x =~ €y

conrady
*distorted
. ’ =y e A ; + A
Yaistorted ~ 7 A Y radial A yconrad'y
v

x - *distorted = B

Yy ® Ydistorted ~ ¥B°

The unknown parameters used in the given formulae are available for

plates 2559, 5205, and 6132 from the "single camera orientation®™ program

@SSA, 1967] , and are listed in Table 1. The plotted residuals are

shown in Charts 4, 5, and 6, The residual scale is 0.1 inch equals 3

microns or approximately 2 seconds of arc in stellar direction and the
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method of plotting the residuals will be explained in section 4.4.1, The
charts of the plotted residuals also give the corresponding standard error
of unit weight for that plate reduction as quoted from the "single camera

orientation" program [ESSA, 1967 .

Table 1

ESSA Parameters from "Single Camera Orientation Program” for
Computing Plate Residuals EBSSA, 196ﬂ

Parameter Plate 2559 Plate 5205 Plate 6132
o (grads) 62.,27051 2.471354 37.97947
w (grads) 19.28476 36,02114 -37,.37786
x (grads) 162,6365 245,5531 106.4265
¢ (grads) .002923602 =.,0001349864 . 00005810139
xp (meters) - .000006689202 -, 00007452753 -.0001134127
yp (meters) .00008196885 . 00001125822 .00004536102
cx (meters) . 3030345 , .3034375 .3032675
cy (meters) .3030374 . 3034346 .3032710
LY 2724793 .1796399 .1861981
LO) -~19,37803 2.066992 -5,004664
K3 257,7927 -1171,724 -695,.6819
K4 -. 00009683551 .0003342886 .0002751480
Ks 01558277 .002749874 .001130124
¢T (grads) 133,.4833 180,7971 150.2195
xs {(meters) -, 000006689202 -~ ,00007452753 ~-,0001134127
ys (meters) . 00008196885 . 00001125822 00004536102

It will be noted that the author in many places refers to 1 x 10"6
meters as a micron. This is done with the understanding that this small
unit of distance should properly be referred to as a micrometer based on

a decision made at the Thirteenth General Conference on Weights and Mea-

sures, Cctober, 1967, in Paris.
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4,4 The Astrometric Reductions

4.4.1 General,-~In contrast to the photogrammetric reduction, an
'astrometric technique has no physical interpretation except the implicit
relationship between the plane of the photograph and a plane tangent to
the celestial sphere at the point of intersection of the optical axis and
the celestial sphere. The models tested consist of six or more constants
that are coefficients in linear or higher order equations relating object
and image space. These constants are not arranged to corréct a specific
systematic error (except in the case of a translation term), but they are
expected to absorb the combination of various systematic errors such as
astronomical refraction and annual aberration (if not added to the stars
before reduction),errors resulting from improper orientation of the tangent
plane, and even lens distortions in some cases. Whether or not systematic
errorsare removed remains to be seen. As mentioned, the astrometric tech-
niques have been historically associated with cameras of long focal length
and of narrow angular fields, Thereforé, in satellite tracking they have
been shunned for more advanced photogrammetric techniques. But as the
reader shall see, the astrometric technique is more simple in concept and,
‘easier to apply. If comparable accuracies could be obtained thus system-
atic errors removéd with an astrometric reduction, its economical aspects
would make it extremely appealing,

| With these points in consideration, several common models will be
examined, The least-squares reduction used in all éases is commonly known
as the "variation of parameters" method in which for this problem, the

weight matrix is equal to the identity matrix, The variation of
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parameters technique uses a model of the form:

L =f (x) (4.11)
whe;e L is the observed quantity and x represents the unknown quantities.
By use of a truncated Taylor series expansion, (4.11) is linearized and
used to form "observation'" equations, and then "normal" equations in
vwhich the unknowns are differential éorrections to the assumed values of
the unknowns in (4.11) (the origin about which the expansion is made).
Because the method avoids higher order terms implicit in the Taylor series
expansion, an iterative technique could generally be employed to gét in=-
creasingly better values around the origin about which the expansion takes.
place. This information is well~known to physical scientists, but it is
repeated here to indicate the author's approach. For example, the method
of}ieast-squares has also been developed in the form:

f (x, L) =0 (4.12)
G (x) =0

where G (x) equal to zero implies a set of constraints on the unknowns,
The computational method in this case is different and possibly the results
more valid where applicable. Weighting in this latter method becomes more
of a problem, and it is even sometimes feasible to weight the known quanti-
ties, thus treating them as observables [ﬁotila, 196?].

How does this relate to the problem at hand? The astrometric models

tested are all of the form:
(XB’ YB) = f (07€: "7), ’

€ m =£(C, x, o), (4.13)

where xp and Vg are observed (measured) coordinates, § and 79 are
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standard coordinates (functions of right ascension and declination as sub-
sequent paragraphs will show), and C is a set of plate constants (the un-
knowns). Since all experimentation will be performed using the method of
variation of parameters, all quantities on the left-hand side of (4.13)
are regarded as observed quantities with weights of unity, and those on
the right-hand side (except C) are regarded as "known", Since the accu-
racy of the catalogue star positions is immaterial to this examination
(although it is extremely important in the overall question of satellite
triangulation), where possible, £ and 7 are kept on the right-hand side
of (4.13), This procedure has to be changed in one particular model aé
will be seen. While it may be statistically valid to follow a model of
the form (4,12) where £ and 7 would be weighted on the basis of the cata-
;ogue accuracy of the stars' positions, or possibly magnitude or spectral
class, this would pose more problems for this investigation than it would
resolve. On the other hand, astronomers have traditionally used & and n
on the left-hand side of (4,13) and conéidered the measured coordinates
as known. At least for cameras of short focal length (BC-4), this is
incorrect since XB and YB are subject to significant random errors [?rown,
1963, pp. 166-167].

While The Ohio State University has adjustment programs available,
all astrometric reductions are contained in one program written by the
author. Based on the model being used in the reduction appropriate sub-
routines generate the observation equations, the normal equationé are
formed and solved, and the approximate values of the plate constants are

then corrected, the process being iterated until a specified maximum
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number of iterations is exceeded or the corrections to the plate constants
converge to a pre-set tolerance. 1In all the reductions this tolerance is
10'16. The variance and standard error of unit weight are computed as well
as the weights and variances of the unknowns and the covariance matrix.
The residuals in plate coordinates are then computed, and the adjusted co-
ordinates are punched on cards (except in Model 5). The variance of unit
weight is again computed, using the actual residuais, as a check on the
adjustment procedure. Finally, interpolated directions for unknown stars’
are compﬁted (except in Mddel'Z), .

Generation of the observation equations implies that values of g% ,
in terminology of (4.13), are solved for by the computer. The expressions
for f% are simple derivatives and, therefore; will not be given here.
Their values should be apparent when the models are discussed., Each star
generates two observation equations.

The adjusted plate coordinates and the measured coordinates are
then used to plot the residuals on the IBM 1627 plotter. Since the resid-
uals are too small to appear on a reasonable size plot, they have been
magnified so that 0.1 inch approximately equals 3 microns, (The originals
of the plots in this report were about 3 times their size here). This
same information applies to the plots of the photogrammetric residuals
already exhibited.

It is assumed that the reader has a basic knowledge of astrometric
theory. However, some repetition is necessary to understand the author's

approach., Detailed discussions may be found in the references of Smart,

Podobed, and Van de Kamp, but the origin of this theory is attributed to
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Professor H., H. Turner [Turner, 1892{]. Briefly, the stars are gnomoni~-
cally projected onto a plane that is tangent to the celestial sphere ideally
at the point of intersecfion of the optical axis of the taking camera with
the celestial sphere. Their coordinates (£ %) on the tangent plane are
given in a rectangular coordinate system known as the standard coordinate
system. 1Increasing values of £ correspond to increasing values of right
ascension and the 7 axis is directed .toward the north pole. The rigorous

formulae for the projection are given by ESmart, 1962, pp. 283, 28{[:

£ = cot § sin (o - A)
sin D + cos D cot § cos (o - A)

cos D - cot § sin D cos (a - A) (4.14)

sin D + cot 6 cosD cos (@ - A)
where o is the star®s right ascension, § denotes the star's declination,

'n:.—.

A denotes the right ascension of the point of intersection of the optical
axis with the celestial sphere, and D is the declination of the point of
intersection of the optical axis with the celestial sphere., If &€ and
are known for a stellar image, the right ascension and declination may be

obtained by [Smart, 1962, pp. 284, 285,

cot 6 cos (@ - A) = 1= tanD
n +tan D

cot 6 sin (& - A) . £secD
n+tanD .
In the simplest case, the photographic plate is parallel to the tangent

(4.15)

plane, and the standard coordinate system may be superimposed on the photo-
graphic plate by applying a scale factor (focal length of camera). This
discussion assumes the plane of the photograph is flat, The SAO uses a
Baker-Nunn camera in its optical tracking in which the film back-up is
cylindrical in shape. Mueller gives formulae to get £ and N for this case

[Mueller, 1964, p. 311].
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Naturally, this simple case is not achieved because of irregular-
ities in the internal geometry of the camera and because of the impossi-
bility of finding the true intersection of the optical axis with the celes-
tial sphere. Discussions of the models will indicate how these problems
are dealt with,

A sﬁort discussion about choosing A and D is necessary, The exact
point of contact of the tangent plane with the celestial sphere is never
known, Sso, theréfore it must be approximated with the best information
available. While there ;re various methods of doing this, the author uses
one recommended method in all reductions Eﬁueller, 1964, pp. 311, 31?].

A stellar image is chosen as close to the geometrical plate center as pos-
sible. The "fictitious" (recall the author's intended use of this word)
"observed™ right ascension and declination of this star are assigned as

the values of A and D respectively. Because this image is then the origin
of the standard coordinate system (the assumed point of tangency), the
origin of the plate coordinate systém is shifted from the fiducial center
to this image by a simple‘translation so that the two origins will coin-~
cide, These origins are not changed throughout the adjusfment. It is
assumed that the astrometric model will adjust for the fact that the two
origins do not actually coincide but differ by some differential amount
QMeller, 1964, p. 319 . On Plates 2559, and 6132, star images are initially
chosen as the points of tangency by the method just described. However,
because there are satellite images on both plates nearer the geometrical
plate center than these star images, the satellite images are used in later
reductions as the origins, their right ascensions and declinations having

been computed in one of the initial reductions.
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It also must be observed that the right ascension and declination
of whatever image is chosen to be the origin of the coordinate system;
will define the orientation of the tangent plane with respect to fhe photo-
graphic plane. It would be desirable to keep the two planes parallel, but
because the true intersection of the optical axis with the celestial sphere
is unknown, the approximation by the method described will establish a
tangent plane not parallel to the plane of the photograph. The author will
expefimenf to see just how sensitive the reduction by a particular astro-
metric model is to the selection of the point of tangency. Just because
we make the origin of the plate coordinate system coincide with the origin
of the standard coordinate system does not establish parallelism between
the two planes. No matter where the origin of the plate coordinate system
is, the orientation of the photogfaphic plane remains rigid. However, each
selection of a new point of tangency on the celestial sphere will define a
new orientation of the tangent plane with respect to the fixed orientation
of the plate. It will be shown that two of the astrometric models tested
allow for some non~-parallelism. The choice of the point of tangency is
critical in another,

The astrometric models will now be presented as well as the results
of experimentation with them. Plots of residuals will provide clues as to
whether systematic errors have been removed and conclusions will be drawn
‘in Section 6., Standard errors of unit weight will also be given for each
reduction, Directions for the 21 satellite images will be computed where
possible using the a@igsted plate constants and the differences between

the ESSA results and the author's results will be tabulated. These
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differences are computed in the "fictitious observed™ right ascension and

declination system, the ESSA apparent satelliterpdsitions having been up-

dated to this system with the author's updating program. Since the astro-
metric models are being compared to the photogrammetric reduction, the

ESSA ‘satellite positions are considered the standard in any comparison or

' statistical analysis,

" 4.4,2 Modal 1; The Projective Equations.--The projective equations

are given as,
_AL+Bn+C
Xa'ag_l_-b‘n_i_ls

) DE +En + F | (4.16)
Y & a€+bnv+1’

where X5 and Vg are the measured plate coordinates; A, B, C, D, E, F, a
and b are the plate constants to be determined; and § and M are the
standard coordinates as given by (4.14). After adjustment, the equations

used to obtain standard coordinates for an unknown star are:

£ = xg (OF - E) +y;3 (B - be) + (CE - FB)
Xz (aE -bD) +yg (bA- aB) + (BD - EA) ’

(4.17)

Xg (D - aF) +ys (aC - A) + (AF - CD) |
Xs (@E- bD) + ys (bA -aB)+ (BD - EA)

T,:

Recall that the adjustment procedure follows the model of (4.13).

The projective equations express the projectivity between two planes,
not necessarily parallel [?allert, 1960, pp. 15, 15]. This would imply
that the reduction using Model 1 is not sensitive to the choice of the

origin of the standard coordinate system (point of tangency) as described

in section 4.,4,1.
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The images tried as origins for both the plate coordinate system
and the standard coordinate system are given on the residual plots. Recall
the general rule in this approach is to select an image, shift the measured
plate coordinate origin to it and use its "fictitious observed" right ascen-
sion and declination as A and D respectively, the equatorial coordinates of
the point of tangency. However, one will notice in several tests for Plate
5205 that xp and yp from the ESSA photogrammetric reduction are used as the
coordinates of Star 851, the selected point of tangency for that plate.
This is done merely to test the sensitivity of the reduction to the choice
of origins, and ordinarily xp and yp'would not be available: In tests
where a satellite image is used as an origin, the "fictitious observed”
right ascension and declination of this image are taken from the results
of a previou; astrometric adjustment as mentioned earlier and not from an

agency reduction,

Test 1
Model 1 is applied to all three plates, using all stars on the plates.

Recall fhis allows 111 control points for Plate 2559, 114 for 5205, and 106
for 6132, Charts 7, 8, and 9 show the residual plots for these reductions.
The standard errors of unit weight (mo), quite high; are also given on the
charts, The systematic effects still remaining in the residuals are quite
obvious. Radial distortion appears to be the largest contributor. The
effects of the remaining systematic errors are also illustrated in the dif-
ferences of the computed satellite positions from the ESSA results, No-
where are these more evident than on Plate 5205 where the satellite images

extend toward the limits of the declination zone for the photograph,
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CHART 7:

SCALE
0.1 inch = 3 microns = 2 arc seconds

PLATE 2559

TEST 1 RESIDUALS, PROJECTIVE EQUATIONS APPLIED TO ACTUAL MEASURED
COORDINATES

Stars 837, 853 and Satellite 313 used as origins with identical results
my = 10,03 microns
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CHART 8:

SCALE
0.1 inch = 3 microns = 2 arc seconds

PLATE 5205
TEST 1 RESIDUALS, PROJECTIVE EQUATIONS APPLIED TO ACTUAL MEASURED
COORDINATES
Star 851 is origin
= 10,03 microns
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SCALE
0.1 inch = 3 microns = 2 arc seconds

CHART 9: PLATE 6132
JTEST1 RESIDUALS, PROJECTIVE EQUATIONS APPLIED TO ACTUAL MEASURED
COORDINATES '
Star 854 is origin
my = 7.81 microns
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These differences are given in Tables 2, 3, and 4,

In Test 1, the origin for Plate 2559 is changed several times to
test the sensitivity of the projective equations to the choice of the
point of tangency. The‘adjusted plate constants in each case diffe; but
all other results including the computed plate residuals and satellite
direétions are identical for all origins used, While one would want to
choose an image as origin as close to the geometrical plate center as
possible, it is apparent that any choice could be constrained during the
adjustment and that no increase in accuracy could be expected by using an
itération technique to find the point of tangency that best approximates

the intersection of the true optical axis with the celestial sphere.

Test 2

It is desirable to know how great the effects of decentering dis-
tortion are in regards to Model 1. The author's program for computing
photogrammetric residuals is used to remove decentering distortion from
the measured céordinates X3 and yB. Still remaining, then, in the measured
coordinates are radial distortion and non-perpendicularity of the comparator
axis, The reductions are again performed as in Test 1. The plbtted resid-
uals are shown in Charts 10, 11,.and 12, The effects of decentering dis-
tortion appear to be minimal since the results of Test 2 are almost iden-
tical to those of Test 1. Considering this fact, no satellite directions

are computed in this test.
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Table 2

PLATE 2559
Differences of Model 1 Interpolated Positions from ESSA Positions

for 21 Satellite Images Computed in "Fictitious Observed"
Equatorial System

RA DEC

No. ESSA - FESSA - ESSA - ESSA - ESSA -  ESSA ~

Test 1 Test 4 Test 5 Test 1 Test 4 Test 3
126 15563 0S146 -3705 0799
143 1,575 S 0.259 -2,97 " 0.64
161 1.552 . 0,006 0.349 -2.82 1.07 0.36
179 1,493 0.099 0,407 -2.62 0.73 0.16
201 1.372 0.170 0.435 -2,31 0.44 0.02
219 1.235 0.197 0.425 -2,04 0.26 -0,05
239 1.044 0,192 0.380 -1,75 0.12 -0,08
258 0.833 0.163 0.312 -1.49 0.01 -0.09
281 0.541 0,09 0.198 -1.23 ~0.09 -0.10
299 0,292 0,027 0.094 ~1.08 -0.17 -0.11
313 0.094 -0.030 0.009 -1,00 -0,22 -0.13
330 0,153 -=0.103 ~0.099 -0.98 -0.32 -0.18
350 =0,440. -0,184 -=0.219 -1.02 -0.43 -0.26
368 +0.689 =0.248 =0,316 -1,13 -0.55 -0.35
387 ~0.934' =0.295 -0.399 ~-1,32 -0,67 -0,47
403 =1,114 -0.313 -0,445 -1.53 ~-0,77 -0.57
414 +1,226 =0.312 =0,463 © =1,69 -0.83 -0.64
434 -1,393, =0,277 -0.462 -2.01 ~-0.91- =0.74
452 ~1,497 -0.203 =0.416 -2.,29 ~0.91 -0,76
473 -1.559 -0, 305 -2.61 -0,72
494 ~1,550 -0.126 -2,84 -0.51

s s s " 1] . 113 :
1,054 0,171 0.298 1.89 0.50 0.38 *
0.050 -0.C59 =-0.011 -1.89 -0.19 ~0,17 %

*Mean absolute difference
**Mean difference




Table 3

PLATE 5205
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Differences of Model 1 Interpolated Positions from ESSA Positions
for 21 Satellite Images Computed in "Fictitious Observed”
» Bquatorial System

*Mean absolute difference

**Mean difference

RA DEC
No.-  ESSA - ESSA- ESSA - ESSA - ESSA - ESSA =
Test 1 Test 4 Test 5 Test 1 Test 4 Test 5
s "
126 0,633 7.47
143 0,758 9.38 "
161  0.822 -05149 10.64 -2,12
179  0.826 s -0,015 11.16 " -0.26
201 0,772 =0,015 0,077 10.84 =0.09 1.16
219 0,690 0,030 0,105 9.91 0.65 1,73
239 0.577 0,046 0.103 8.29 0.95 1.85
258 0.455 0,039 0.080 6.29 0.87 1.58
281 0,305 0,014 0.039 3.48 0.45 0.93
299 0,189 =0,011 0,001 1.10 0.00 0.29
313 0.105 =0,029 -0,026 -0,78 =0.36 -0.21
330 0.011 =0,048 =0,055 -3.04 =0,73 -0,76
350 -0,085 =0,061 =0.079 -5.56 =0.98 -1,23
368 ~0.156 =0,063 =0.091 -7.61 =0,96 -1.41
387 =0,212 =~0.051 =0.089 -0.43 =0,57 -1,23
403 =0,245 =0,031 =0,075 . =10,63 0.11 -0,73
414 -0,259 =0,010 =0,059 ‘-11.26 0.78 -0.18
434 =0.267 -0,015 ~11.90 1.34
452 =0.253 0.042 ~-11.89 3.28
473 =0,215 -11.13
494 =0,155 -9.54
S s s e ”" "
0,380 0.034 0,065 8.16 0.58 1.19 *
0,204 =0.015 =0.012 ~-0.68 0.01 0.24 **



Differences of Model 1 Interpolated Positions from ESSA Positions

Table 4

PLATE 6132

for 21 Satellite Images Computed in "Fictitious Observed"
Equatorial System
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No, ESSA - ESSA - ESSA - ESSA - ESSA -~ ESSA ..
Test 1 Test 4 Test 5 Test 1 Test 4 Test 5
" 1°
126 -15251 03065 ~1.94 -0.49
143 -1,292 s -0,068 ~1,.83 . -0,.66
161 -1.302 0,061 -0,179 -1.64 -0.07 -0.74
179 -1.273 =0,044 -0.257 ~-1.40 -0,23 =0.75
201 -1,191 -0,132 -0,311 -1.04 - =0,30 -0.65
219 . =1,086 =0,172 =0,323 -0.74 -0,30 -0.53
239 -0.932 -0,184 ~0,305 ~-0,41 -0.25 -0.35
258 -0,756 =0,171 ~0,262 -0.20 -0.20 -0.18
281 -0,508 -0,125 -0,182 0.14 -0.11 . =0,02
299 -0.294 ~0,075 -0,105 0,27 -0.,07 0.16
313 -0,122 -0,031 -0,041 0,33 ~-0.03 0.25
330 0.091 0,024 0,039 0.34 0.00 0.35
350 0.338 0.083 0.126 0.24 -0,01 0.42
368 0.550 0,125 0,192 0.09 -0,02 0.46
387 0.754 0,148 0.239 -0.16 -0.04 0.48
403 0.905 0.146 0,257 ~0Q,42 -0,05 0.51
414 0.994 0,130 0,254 -0.61 ~0.04 0.54
434 1,116 0.064 0,210 -0,98 0.02 0,63
452 1,180 -0.041 0,123 =1,30 0.15 0.79
473 1,188 ~0,.042 ~-1.63 1.29
494 1.119 -0,282 -1.84 1.64
s s S 1% " "
07869 07103 07184 0.83 0.11 0.58 *
-0,084 -~0,011 =~0.041 ~0.70 ~0.09 0,15 **
*Mean absolute difference

**Mean

difference
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CHART 10:

PLATE 2559

. SCALE
0.1 inch = 3 microns = 2 arc seconds

TEST 2 RESIDUALS, PROJECTIVE EQUATIONS APPLIED AFTER DECENTERING
DISTORTION IS REMOVED FROM COORDINATES '

Star 853 is origin

= 10.05 microns
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CHART 11: PLATE 5205
TEST 2 RESIDUALS, PROJECTIVE EQUATIONS APPLIED AFTER DECENTERING
DISTORTION IS REMOVED FROM MEASURED COORDINATES

Star 851 is origin
my = 10,35 microns
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CHART 12: PLATE 6132
TEST 2 RESIDUALS, PROJECTIVE EQUATIONS APPLIED AFTER DECENTERING
DISTORTION IS REMOVED FROM MEASURED COORDINATES
Star 854 is origin
my = 7.77 microns
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Test 3

The photogrammetric residual program is used once more with modifi-
cations, this time to remove all distortions (including hon-perpendicu-
larity, although this effect is almost negligible) from the measured co~-
ordinates, The coordinates in this form compare to the true x and y in
equation (4.9). The reductions are.performed as in Test 1, The residual
plots are shown in Charts 13, 14, and 15. Compare these to the plotted
residuals of the photogrammetric reduction. Also notice the standard
errors of unit weight., No satellite directions are computed in this test
since it is evident that the reéults will be comparable to the ESSA results
and since random errors appear to be the only ones remaining after adjust-
ment, Brown states that since only six independent paramgtérs are required
to define an undistorted central projection,‘the eight parameters in (4.16)
must be constrained in a fashion tﬁat he specifies [?rown, 1963, pp. 165,
165]. As he observes, hdwever, this is not done in practice and the re-
sults of Test 3 support the fact that the constraints are not necessary.

The question now arises: How far out from the origin can the reduc-
tion be performed and the results still be relatively free from the system-
atic effects of lens distortions? Charts 16, 17, and 18 give some indica-
tion, These are a result of plotting residuals that are computed by sub-

tracting the actual measured coordinates from the adjusted coordinates

that were obtained in Test 3. In essence, they demonstrate how lens dis-
tortions affect the central projection (mainly radial distortion). One can
see radial distortion climbs to magnitudes of 80 microns or more near the

outer reaches of the plate, The same picture can be presented analytically.
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CHART 13: PLATE 2559
TEST 3 RESIDUALS, PROJECTIVE EQUATIONS APPLIED AFTER ALL LENS
DISTORTIONS ARE REMOVED FROM MEASURED COORDINATES
Satellite 313 is origin
my = 3.06 micron§
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CHART 14: TPLATE 5205
TEST 3 RESIDUALS, PROJECTIVE EQUATIONS APPLIED AFTER ALL LENS
DISTORTIONS ARE REMOVED FROM MEASURED COORDINATES
Star 851 is origin
ny = 3.34 microns
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CHART 15: ©PLATE 6132
TEST 3 RESIDUALS, PROJECTIVE EQUATIONS APPLIED AFTER ALL LENS
DISTORTIONS ARE REMOVED FROM MEASURED COORDINATES
Satellite 313 is origin

mO = 2,62 microns
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SCALE
0.1 inch = 3 microns = 2 arc seconds

CHART 16: PLATE 2559
DIFFERENCES BETWEEN UNDISTORTED STAR IMAGES AND OBSERVED IMAGES
PLOTTED AS RESIDUALS




SCALE
0.1 inch = 3 microns = 2 arc seconds
CHART 17: PLATE 5205 -
DIFFERENCES BETWEEN UNDISTORTED STAR IMAGES
AND OBSERVED IMAGES PLOTTED AS RESIDUALS
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SCALE
0.1 inch = 3 microns = 2 arc seconds

CHART 18: PLATE 6132
DIFFERENCES BETWEEN UNDISTORTED STAR IMAGES
AND OBSERVED IMAGES PLOTTED AS RESIDUALS
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Suppose the photogrammetric model is expanded into polyﬁomials in

x and y. The final expressions are:

X = X~y (€) +x° (3K, cos @) +x° (Ky) +x* (3Ks cos @) +x° (K9
+x7 (KJ +xy (2K, sin @) +xy° (K) + xy° (2Ks sin ¢y)
+xy* K9 +xy° (Ko +x%° (4Ks cos @) + x% (2Ks sin oy)
+x%® K9 +x%* (3Kg + x% (8Kq) +y2 (K, cos ¢r)

+y* (K5 cos ¢y),
(4.18)

Yo =¥ +y° (BKysingy) +y° (K1) +y* (8Ks sin@n) +¥° (Kz) +y7 (Ko
+ ¥x (2K, cos @) + yx® (Ky) + yx° (2K; cos ¢;)
+yx* (K3 +yx° (K9 +y%> (4Ks sin or) + y% (2K cos ;)
+ % (4Ks sin o) + 3% (2Ks cos ¢r) + 7% (2K9
+y%* (3Ka) +y%° (8K +x° (K, sinpy) + x* (Ks sin @),

where Xp and yg are the héasured coordinates as usual and x and y are the
undistorted coordinates as in (4.9). Assume that this model exactly des-
cribes the physical situation and as such is absolutely rigorous. We
know this is not true because it represents only a hypothetical, although
apparently a good one, estimate of the true situation not accounting for
the multitude of causes that alter the central projection, however insig=-
nificant.

From investigation of the previous test, we conclude that equations
(4.16) are rigorous (in the sense of (4.18))only so far as an undistorted
central projection will permit, Therefore, xp and yp on the left~hand

side of (4.16) actually compare to x and y in (4.18),
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For ease of analysis, assume now that an image is projected, with-
out distortions, onto the x axis, In this case the first equation in
(4.18) becomes:

X = X +x* (3K, 008 @p) +x° (Ky) + x* (3K cos o) (4.19)
+x° (Ko) +x7 (K. |

Considering the discussion in the last paragraph, the error committed

by using the projective equations islgiven by, -

x® (3K, cos @) + x° (Ky) + x* (3Ks cos @) + x° (K9 +x’ (K9.  (4.20)

If the parameters of Table 1 are substituted here, it becomes evident that
the error is comprised mostly of the x3 (Kl) term in (4,20), this also
being the largest factor in the radial distortion function. On Plate
2559, (4,20) equals roughly 16‘microns at a radial distance of 4 centi-
meters, It is somewhat less on the other two plates., In a reduction

this éuthor assumes that maximum radial effects of about 6 or 7 microns
could be "randomly"™ distributed using (4.16). Any residual errors remain-
ing after the reduction would be no greater in magnitude than the expected
random plate coordinate error of around 3 ﬁicrons that the photogrammetric
reduction indicates is to be expected (again, assuming‘modél (4.18) is

absolute). This leads to the following two tests:

Test 4
On each plate a field of stars 3.4 centimeters in radius from the
geometrical center is used; 3.4 centimeters is an arbitrafy choice which
allows énough stars to be used to have a valid adjustment. Also, at about

this distance or somewhat less, the radial distortion effects become
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laxgér than the 6 or 7 micron 1limit just imposed. The residual plots
are shown in Charts 19, 20, and 21, The decreased magnitude of the resid-
uvals and the low standard errors of unit weight are testimony that the
projective equations are applicable'in this area without pre-correcting .

the measured coordinates for lens distortions.

Test 5

To prove that the area used in Test 4 should not be exceeded when
applying theAprojective equations withogt pre-corrections, stars out to
4 centimeters are used in the reduction. Residual plots are shown in
Charts 22, 23, and 24, PFour centimeters is used so that enough additional
stars lying beyond 3.4 centimeters can be employed to incorporate the
larger radial distortion effects that the analysis above shows exist at
this distance, The plotted residuals ére generally 1argef than in the
last test and the standard errors of unit weight prove this.

It must be reﬁembered that each camera will have its own distoftion
characteristics. Therefore, the projective equations cannot be applied
equally well for the same areas on different plates. 'However, genérai

conclusions will be given in Section 6.
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. CHART 19: PLATE 2559
TEST 4 RESTDUALS, PROJECTIVE EQUATIONS APPLIED TO STARS
WITHIN 3,4 CENTIMETERS OF THE PLATE CENTER
Satellite 313 is origin
ng = 2.82 microns
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CHART 20: PLATE 5205
TEST 4 RESIDUALS, PROJECTIVE EQUATIONS APPLIED TO STARS
WITHIN 3.4 CENTIMETERS OF THE PLATE CENTER
Star 851 is origin

mO = 2,96 microns
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CHART 21: PLATE 6132 SCALE

0.1 inch = 3 microns = 2 arc seconds
TEST 4 RESIDUALS, PROJECTIVE EQUATIONS APPLIED 10 STARS
WITHIN 3.4 CENTIMETERS OF THE PLATE CENTER
Satellite 313 is origin
n, = 2,37 microns
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. CHART 22: PLATE 2559
TEST 5 RESIDUALS, PROJECTIVE EQUATIONS APPLIED TO STARS
WITHIN 4 CENTIMETERS OF THE PLATE CENTER
Satellite 313 is origin

m0 = 3,96 microns
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CHART 23: PLATE 5205
TEST 5 RESIDUALS, PROJECTIVE EQUATIONS APPLIED TO STARS
WITHIN 4 CENTIMETERS OF THE PLATE -CENTER
Star 851 is origin
mO = 3,08 microns
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CHART 24; PLATE 6132
TEST 5 RESIDUALS, PROJECTIVE EQUATIONS APPLIED TO STARS
WITHIN 4 CENTIMETERS OF THE PLATE CENTER
Satellite 313 is origin
my = 3.24 microns
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4.4.3 Models 2 and 5: The "Long" Turner's Method.-~If the denom-
inator is divided into the numerator in the projective equations, a poly-
nomial occurs in £ and 7 . Truncation of the polynomial results in

Models 2 and 5 which are given by:

Model ZI

&
N

AfBg+Cn+D€2+E£n+Fn2+G£3+H§%1

(4.21)
+Pén® + QnP,
Yo = A"+ B + C'n + D'+ E'en + Fuf + Grg®
+H'EH + Pén® + Qm®; |
Model 5
= : 2 2 3
E=A+ Bxg 4 Cy, ¢ Dx “ + Bx v, * Fyg + 6%
* HXBZVB + PXBVBZ + QyB3, (4.22)

- ¢ ? ) * 2 % 2
?7 =A 4B xg¢C vg ¢ D xg~ ¢ E xpyp ¢ F Vg

 § 3 L 2 ) 2 ] 3
+ G X5 <+ H Xp yB + P XBYB + Q yg -

Model 5 is the same as Model 2, only the roles of Xgs Vg and £, 7
have been reversed. Model 2 is used to obtain a plot of the plate co-
ordinate residuals. Model 5 is used to obtain directions for the satel~
lite since this would be impossible using Model 2, Model 5 is the form
that would be used in practice although £ and 7) must be regarded as the
observed quantities unless another adjustment technique is used.

The formulation of these mode;s is attributed to H. H, Turner
[?urner, 1895]. Podobed and Smart elaborate on the purpose of including
the various linear and higher order terms. The linear part of the trans-

formation (this will comprise Model 3) is required by non-coincidence of
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the standard coordinate origin and the plate coordinate origin (selection
of the same image for both origins should reduce this), the rotation of
the two systéms with respect to each other, the angle between the plate
coordinate axes not equal to 90 degrees, and scales being different along -
the plate coordinate axes, These errors are partly a result of the ori-
entation of the plate in the comparator and of the comparator itself [?od-
obed, 1965, pp. 184, 185], [Smart, 1962, pp. 289-29%].. The second order
terms are necessary because the optical axis is not perpendicular to the
plane of the plate [Podobed, 1965, pp. 184, 183], [Smart, 1962, p. 201] .
If the stars have not been updated for annual aberration and refraction
as is the usual case in astronomy, the linear plus second order terms also
allow for differential aberration and refraction effects. Although not
intended in the original formulation, the higher order terms will also ab-
sorb some of the lens distoftion effects [berbert, et, al., 196%]. This‘
can be shown‘by comparing (4.,22)to (4.18) and making a term-wise analysis,

How many higher order teims are émployed in equations of the form
of (4.21) and (4.22) is a function of the angular field and the camera
being used. Since the "long" Turner's method is actually an expansion
of the projective equations, one might wonder why the projective equa-
tions are not used more in practice or’used exclusively since any Turnet's
method is a truncation of this expansion. The answer is in the fact that
tﬁe projective equations employ only eight unknowns, Therefore, the
coefficients in the polynomial that result frém the expansion are con-
strained. But if these constraints are lifted, then equationé of the

o~

- form of (4.21) and (4.22) result having 20 unique unknowns that are free
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to absorb effects of lens distortions and any other effects not specifi-
cally modeled [?rown 1966, p. 35|. This p01nt will become apparent in

the results obtained with (4.21) and (4.22).

For reduction of the Minitrack astrographic plates (MOTS), NASA

developed equations of the form [?erbert, et al., 196?3:

2

£ + Vg ),

. 2 ,
A # Bxpy # Cyg ¢ Dxpyp * ExB + FxB (XB

(4.23)

3
L]

2y,

A" ¢B'x, ¢C'y, 4D + &'y 2 N ¢ 2
X+ CVptDxgig® Eyg ¢ Fyg g #vp

The field covered was 11 degree§ by 14 degrees. Duane Brown shows that
additional terms must be added to (4.23) if the astrometric method is
to be used for GEOS application [Brown, 1966]. He finally trims his
equations to those given as (4.21) and (4,22) with the recommendation
that the following steps be taken before application [Prown, 1966,

p. 4?]:

A. The plate coordinates should be corrected for lens
distortions prior to reduction.

"B, S8tellar coordinates should be corrected for astro-
nomical refreaction,

Several items must be observed at this point: (1) Brown is dis-
cussing the Minitra&k system and not a BC-4 camera; (2) recommendation
B has been followed by the author but not A. However, the author feels
that no more terms should be included in (4,22) even if lens distortion
corrections are not made prior to reduction. This model has 20 unknowns
already and any.more make it less economical than the photogrammetric

reduction, Moreover, if the plate coordinates are to be corrected for
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lehs distortions prior to reduction, the projective equations would be
a better choice judging from the results obtained in Section 4.4.2. ‘

Charts 25, 26, and 27 show the residual plots when applying (4.21)
to the entire plate area. These plots are approaching in randomness and
magnitude the residuals of the photogrammetric reduction. The charts .
also give standard errors of unit weight which are higher than desired,
and thé coordinate origins used. Table S'givés the differences between
the BSSA satellite directions and the satellite directions obtained uSing
equation (4.22).

When different images are used as coordinate origins, the residuals
and satellite directions differ slightly each.time but these differences
afe insignificant. This was found to be the case when NASA experimented
with (4.23). In that examination it was noticed that the origin could be
shifted several centimeters and its right ascension and declination
varied by more than a degree without affecting the final results [?erbert,
et. al, 196%]. This is most likely due to the inclusion of the second

order terms,.
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CHART 25: PLATE 2559

RESIDUALS AFTER REDUCTION WITH THE LONG TURNER'S METHOD
Satellite 313 and Star 837 used as origins with
comparable results
my = 3,80 microns




CHART 26: PLATE 5205

0.1 inch = 3 microns = 2 arc seconds

RESIDUALS AFTER REDUCTION WITH THE LONG TURNER'S METHOD

Star 851 is origin

mg = 4,19 microns
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CHART 27: PLATE 6132
RESIDUALS AFTER REDUCTION WITH THE LONG TURNER'S METHOD
Satellite 313 and Star 854 used as origins
with comparable results
my = 3.39 microns
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Table 5
ALL PLATES
Differences of Model 5 Interpolated Positions from ESSA Positions

for 21 Satellite Images Computed in "Fictitious Observed"
Equatorial System

RA (BSSA-Model 5) DEC
No. 2559 5205 6132 2559 5205 6132
' " 7 "

126 05288 05070 -05218 -0.59  =0.54 0.06
143 0.323 0.132 =0.259 - =0.67 0.21 -0,04
161 0.347 0.180 =0.290 -0,72 0.86 -0.,10
179 0.356 0.208 =0,308 -0,74 1.34 -0,13
201 0.346 0.220 =0,311 -0,70 1.64 -0,10
219 0.320 0.212 =0.298 ~ =0.64 1.68 -0,04
239 0.273 0.193 =0.266 -0,56 1.54 0.04
258 0.215 0.167 =0.224 -0.48 1.26 0.12
281 0.125 0.132 ~0.156 - =0,38 0.78 0.23
299 0.046 0,101  ~0.094 -0,31 0.34 0.30
313  =0.017 0.079 =0.043 -0.26 ~0,01 0.35
330 =0,097 0.053 0.022 -0.23 -0,44 0.40
350 =0.187 0.027 0.096 -0,21 «0.90 0.44
368 -0.262 0.006 0.158 ~0,22 -1.26 0.45
387 =0.329 -0.009 0,216 -0,25 ~1.53 0.46
403 =~0.372 ~0,019 0.256" ~0.30 -1.66 0.45
414 -0.395 ~0.023  0.277 _ -0.33 -1,70 0.45
434  =0,416 -0,025 0,299 ~0,40 -1,61 0.45
452 =0.411 ~0,020 0.299 -0.45 -1,37 0.48
473  =0.376 -0,008 0.276 -0.50  =0.89 0.53
494 . -0,308 0,008 0.225 -0,50  =0.27 0.64
05276 05090 05219 0.45 1,04 0.30.
-0,025 0.080 =0.016 -0,45 -0,12" 0.26

*Mean absolute difference
**Mean difference
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4.4,4, Model 3: The"Short" Turner's Method.-~If the linear terms
are retained in equation (4.21) and the higher order terms dropped, Model

3 results, which is given by,
xs = Af + Bn +C,
.VB =D€+E‘n+F. . ’ (4.24)

Satellite directions can be computed by,

ByB - ExR + (CE ~ BF)

§=

(BD - AE)
(4.25)
" Dxg = Ay, + (AF - CD)
- (BD - AE)

This model has probably been used more than any other by astronomers
since Turner first introduced the idea. 1Its historical‘applicationvhas
been limited to areas near the optical axis on very long focal length
cameras. (The author's application of (4.24) to the entire plate produces
disastrous results not given here.) As discussed in the preceding section,
the affine transformation in (4,24) allows for differences in scale in
different directions; non-coincidence of the origins of the two coordinate
systems, non-perpendicularity of the plate coordinate axes and a rotation
of one system with respect to the other. The use of (4.24) implies that
the photographic plane is parallel to the tangent plane on the celestial
sphere. It is therefore suggested that choice of the point of tangency
is critical.

To find the area where (4.24) may be applied with good results,
the following empirical approach is taken, Assume that Model 2 is rigor=-

ous (the results of the last section allow this assumption). If the
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significant terms are kept in (4.21) after the adjustment, the following

equations define the transformations on each plates

 Plate 2559
X = 0.28§ - 0.11n + 0.00087£° - 0.0029&n + 0.0011n3
4,26
ya = 0.11§ + 0.28n + 0.00029¢% ~ 0.00019én~ 0.0026n> (4.29)
Plate 5205
X3 = 0.035 - 0.049n + 0.0020£° + 0.0012¢n - 0.00028n7, (427
¥s = 0.049£ - 0.30n + 0.00038£% 0.0023& + 0.0015n%; )
Plate 6132
Xs = 0.046¢ - 0.30m - 0.00019€® + 0.00089&n + 0.0010n°, (4,28

0.30 + 0.046m- 0.0010£% - 0.0011fén -~ 0.00017n°

Ye -

In a preliminary adjustment using Model 3 and stars in a confined area
of radius about 2.5 centimeters, the following empirical relationships

are found (disregarding the translation term):

Plate 2559
Xs = 0.28§ - 0.11n,
4,29
ys = 0.11¢€ + 0.28n; - ¢ )
Plate 5205
Xg = 0.30¢ - 0.049n, .
4, 3
Yo = 0.049¢- 0.30m; ( ?
Plate 6132
Xg = 0.04 - 0.30n,
6 on (4.31)

it

Yo = 0.306 + 0.046n.
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It is evident that the maximum magnitude of the neglected terms is on
the order of 0.0029 § 7 for Plate 2559, 0.0023 £ M for Plate 5205, and
0.0011 £ M for Plate 6132, If the error committed in using Model 3 is
to be less than 3 microns, the usable a;eé appears to have a radius of
about 1.5 centimeters for Plate 2559, 1.7 cehtimeters for Plate 5205,
and 2.2 centimeters for Plate 6132, These figures are arrived at by
letting § equal 7 and setting the maximum error terms given above equal
to 3 microns, The resulting équations are solved for ¢ and 7 and'multi-
plied by the focal length to get € and M in the scale of the photograph.
Since £ equals " , either one times /2 gives the radial distance from |
the origin. By examining (4,26) through (4.28) one can see that it is
possible to go out farther from the origin in certain directions but fhat
the above procedure gives the largest radial distance where the error

should be minimal in all directions,

Test 1

Certain stars in a reduced area around the pléte center are selected
on each plate for the reduction., Initially the best origins (Origin 1)
available are used. That is, satellite 313 on 2559 and 6132, and star 851
on 5205, Then, star 837 is used as the origin on 2559 and star 854 on
6132 (Origin 2), There is a remarkable difference in results. The reason
for this is attributed to the fact that with Model 3, any choice of origin
that is obviously more than a differential distance from the true optical
center establishes a tangent plane on the celestial sphere that is appre-

ciably not parallel to the photographic plane. The planes theoretically
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should be parallel, The radii for the reduced areas are as follows:
Plate 2559, 2.8 centimeters; Plate 5205, 2.8 centimeters; Plate 6132,
2.2 centimeters.

The results for Plate 6132 are acceptabie (with Origin 1), 1In
fact, it had been predicted for this plate that stars out to 2.2 centi-
meteré could be used without introducing appreciable error in the results,
The other two plates exhibit bad results as expected., Charts 28, 29, and
30 show the residuals for Test 1 using the best availéble origins, Charts
31 and 32 are the result of changing origins on Plates 2559 and 6132, The

standard errors of unit weight are also given on the charts.

Test 2

Stars as close as possible to the plate center are selected for
the reduction, Charts 33, 34, and 35 show the residual plots. The re-
sults for Plate 5205 are not very encouraging. It would seem that in
limiting the plate area, the resulting limitation on the number of star
images available hampers the ability of the reduction to leave only random
errors in the adjusted plate coordinates,

Differences of the satellite directions from those of ESSA afe
given in Table 6. There is a noticeable systematic difference between

the ESSA results and the Model 3 results.
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SCALE
0.1 inch = 3 microns = 2 arc seconds

CHART 28: PLATE 2559
TEST 1 RESIDUALS, SHORT TURNER'S METHOD APPLIED TO STARS
WITHIN 2.8 CENTIMETERS OF THE PLATE CENTER
Satellite 313 is origin
my = 5.80 microns
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. CHART 29: PLATE 5205
TEST 1 RESIDUALS, SHORT TURNER'S METHOD APPLIED TO STARS
WITHIN 2.8 CENTIMETERS OF THE PLATE CENTER
Star 851 is the origin
my = 5.56 microns
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SCALE
0.1 inch = 3 microns = 2 arc seconds

CHART 30: PLATE 6132
TEST 1 RESIDUALS, SHORT TURNER'S METHOD APPLIED TO STARS
WITHIN 2.2 CENTIMETERS OF THE PLATE CENTER
Satellite 313 is origin

mO = 2,59 microns
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SCALE
0.1 inch = 3 microns = 2 arc seconds

CHART 31: PLATE 2559
TEST 1 RESIDUALS, SHORT TURNER'®S METHOD APPLIED TO STARS
WITHIN 2.8 CENTIMETERS OF THE PLATE CENTER
Star 837 is origin

m0 = 13,93 microns
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SCALE
0.1 inch = 3 microns = 2 arc seconds

CHART 32: PLATE 6132
TEST 1 RESIDUALS, SHORT TURNER'S METHOD APPLIED TO STARS
WITHIN 2,2 CENTIMETERS OF THE PLATE CENTER
Star 854 is origin

m0 = 11,19 microns
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CHART 33: PLATE 2559
TEST 2 RESIDUALS, SHORT TURNER'S METHOD APPLIED TO STARS
AS CLOSE TO PLATE CENTER AS POSSIBLE
Satellite 313 is origin

mo = 2.24 microns
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SCALE
0.1 inch = 3 microns = 2 arc seconds

CHART 34: ©PLATE 5205
TEST 2 RESIDUALS, SHORT TURNER®*S METHOD APPLIED TO STARS
AS CLOSE TO PLATE CENTER AS POSSIBLE '
Star 851 is origin
my = 3.69 microns
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CHART 35: PLATE 6132
TEST 2 RESIDUALS, SHORT TURNER'S METHOD APPLIED TO STARS
AS CLOSE TO PLATE CENTER AS POSSIBLE
Satellite 313 is origin
my = 3.04 microns
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Table 6

Differences of Models Interpolated Positions from ESSA Positions
for 21 Satellite Images Computed in "Fictitious Observed"
' Equatorial System

No. ESSA - ESSA =  PLATE ESSA - ESSA =
Test 1 Test 2 2559 Test 1 Test 2
239 -0.149 ' -0.,70
258 -0.051 ~1.24
281 0.008 - =1,80
299 0.017 s -2.18 "
313 0.005 -0,119 -2,46 =5,27
330 -0, 031 -0.112 -2,80 -5,98
350 -0.093 -0.139 -3.19 -0.67
368 -0.163 ~-0,193 -3.56 1,60
387 -0.242 -3.95 '
403 -0, 306 ‘ ~4,31
05106 05141 2,62 3,38%
~0,100 =0,141 2,62 -2 ,58%%
—— PLATE
5205
258 0.108 -2,08
281 0.207 4 0.39
299 0.224 -0,082 1.27 1.36
313 0.211 -0,108 1.40 0.78
330 0.167 -0.164 0.96 =0,53
350 0,090 -0.28
368 0.001 ~1.95 —
0.144 0,118 1,19 0,.89%
- - 4.4
0,144 0,118 PLATE 0,04 0.54
6132
239 0.011 -0,30
258 -0,097 =0,55 :
281 -0.162 ~-0,198 ~0.77 -1.15
299 -0.166 ~0,217 -0.91 -1.12
313 -0,145 ~0,208 -1.01 -1,07
330 -0,094 ~0,168 -1.14 -1,02
350 -0,005 -0,097 -1,33 0,99
368 0,096 =~0,008 -1.53 -0.98
387 0,217 -1.81
0.110 0.149 1.04 1,06%
~0,038 ~0,149 ~1,04 =1,06%*%

*Mean Absolute difference
**Mean difference



5, CONCLUSIONS

The projective equations cannot be used to reduce the entire area
of a BC~4 stellar plate. Unmodeled distortion effects are too great
toward the outer edges of the plate. However, if the zenith distance is
such that a refraction model can be considered constant, and if lens dis-
tortion parameters are known and fairly constant for a given camera, then
the projective equations could be used for an entire plate reduction after
the measured coordinates are corrected for lens distortion effects and tﬁe
stellar coordinates corrected to contain the effects of atmospheric refrac-
tion, In fact, certain agencies do not calib;ate the camera for each ex-
posure, Parameters from a previous adjustment are used and considered
constant for a period of time, The behavior of the distortion character-
istics of an Astrotar lens over a period of time is not known to this
éuthor. However, if it is not necessary to recalibrate the BC~4 camera
after eéch exposure, it appears that the projective equations could be
applied using the procedure just described to obtain results equal to
those a complete photogrammetric reduction would provide, If no pre=-
corrections are made for lens distortions but the stellar coordinates have
refraction effects added, then the experimentation shows, at least for
three BC~4 cameras, that a confined area no greater than 3 centimeters
(6 degrees) in radius from thg pléte,center can be reduced with good

results. This area, labelled Model 1, is indicated in Charts 36, 37, and

89
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38. Ap image as close as possible to the geometrical plate center should
be used as the optical center, but no iteration techniques need be applied
to obtain the‘optiéal center if the projective equations are used.

It is obvious from the results of the experimentation with Model 2,
that if enough higher'order terms are included in the transformation equa-
tions, the reduction results can be made comparable to those obtained
photogrammetrically, However, 20 unknowns are already enough to warrant
using a complete photogrammetric reduction, Modél 2 has possibilities
if a reduced plate area is to be used so that several higher order terms
can be dropped yet no pre-corrections be made for lens distortions.

Model 3 should be applied with caution under the following condi-
tions,

A, The satellite image(s) fo; which directions are desired should
be located close fo the geometrical plate centér and completely contained
in the field of reference stars used in the reduction.

B, Sufficient star images should be availablé and equally distrib-
uted in all directions around the satellite images. Plate 6132 gives a
good example of this., Violation of this shows up in the satellite direc-
tions computed for Plates 2559 and 5205.

C. The area of reduction should be no greater than 2 éentimeters
(4 degrees) in radius if the BC-4 lens distortion characteristics are
comparable to those of the camera that exposed Plate 6132 and conditions
A and B exist. Generally, if conditions A and B exist within a field
1.5 centimeters (3 degrees) in radius, the reduction should be done in

this area,
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D. The choice of the point of tangency of the tangent plate
should be made with extreme care. Therefore, the geometrical center must
be approximafed as closely as possible in right ascension and declination.
If possible, an iteration technique should be used to obtain the best
point of tangency to use as an origin for both the plate and‘standa:d
coordinate systems,

Charts 36, 37, and 38 also show the area where success should be
achieved using Model 3.if the conditions mentioned above exist as for
Plate 6132, The field shown is 3 degrees in radius although this could
probably be expanded if a good distribution of stars existed. The Model

"3 reduction was not ideally applied for Plates 2559 and 5205 because of
a lack of condition A and B, Therefore, in confining the reduction to
the recommended area given one must still allow for the other conditions
to be met.

We must conclude, therefore, that general astrometric techniques
are not adequate when used alone to reduée entire plate areas for short
focal length ballistic cameras, Distortions involved require specific
modeling, such as the photogrammetric method ﬁrovides, for the reduction
to obtain accuracies that present day equipment will provide. However,

' astrométric techniques can be applied to advantage if done in one of the

ways described above depending on the nature of the.taking camera and the
location of the satellite images with respect to the optical axis,

Bigures 1 through 6 show the values given in Tables 2 to 6 plotted
for each of the 2; satellite images. The results presented here are as

expected. The reductions with higher standard errors of unit weight
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CHART 36: PLATE 2559

REDUCED AREAS TO USE FOR MODELS 1 AND 3 WITHOUT PRE-CORRECTING
MEASURED COORDINATES

Model 1:
Model 3:

Projective Equations
"Short" Turner's Method
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REDUCED AREAS TO USE FOR MODELS 1 AND 3 WITHOUT PRE-~CORRECTING
MEASURED COORDINATES
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Table 7

. Summéry of Standard Errors of Unit Weight for the Astrometric
Reductions and the ESSA Photogrammetric Reduction
Numbers given are in microns,

Model Test Description Plate .Plate Plate
No., No, ’ 2559 5205 6132

ESSA Photogrammetric 2,96 3.17 2.80

1 1 Projective equations applied 10.04 10.03 7.81

to entire plate area

1 2 Same as Test 1 but with mea=- 10.05 10.35 7.77
sured coordinates corrected
for decentering distortion

1 3 Same as Test 1 but with mea- 3.06 3.34 2,62
sured coordinates corrected
for all lens distortions

- 1 4 Projective equations applied 2.82 2.96 2.37
to stars within 3.4 cm. of
plate center

1 5 Projective equations applied 3.96 3.08 3.24
to stars within 4 cm. of
plate center

2 "Long" Turner®s for entire 3.80 4.19 3.39
plate area

3 1 "“Short" Turner's for stars 5.80 5.56 2.59
within 2,8 cm. of plate
center (2.2 cm. for 6132)

3 2 "Short"” Turner's for stars in 2.24 3.69 3.04
immediate vicinity of plate
center
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show larger deviations in computed satellite positions from the ESSA
positions., Test 1 for Model 1 is a good example of this. Generally,
plots are roughly symmetric about the plate center, illustrating the
effect of the particular mathematical structure at a given distance fgom
the plate center.

Table 13 summarizes the standard errors of unit weight for the

astrometric reductions,
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